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S U M M A R Y
In coseismic slip distribution inversion, the Laplacian smoothness constraint is used to avoid the
rank deficiency of the coefficient Green matrix and ensure the smoothness among the patches
of the fault plane. However, by introducing the classic Laplacian smoothness constraint, the
inversion of the maximum slip is commonly underestimated. To better solve this problem, here
we propose a new method of weighting to the Laplacian second-order smoothness matrices by
the slip. The Laplacian smoothness constraint with unequal weights and the classic Laplacian
constraint are used to carry out the simulation experiments. The simulation experiments show
that the accuracy of the estimated maximum slip from our method is outperforming the classical
Laplacian method by 12–19 per cent. Moreover, the estimations of the average slip and moment
magnitude have been enhanced, which improved ranging from 4 to 12.5 per cent and 0.4 to
9 per cent over the inversion results of classic Laplacian smoothness constraint, respectively.
In order to further validate the general applicability of the proposed method, we conduct the
experiments in terms of the inversion of L’Aquila and Taiwan Meinong earthquakes. The
maximum slip inversion results show that the inversion of Laplacian smoothness constraint
with unequal weights are larger than that of the classic Laplacian smoothness constraint,
which is consistent with the conclusion of simulation experiments. In addition, the parameters
inversion results of the actual earthquake from the proposed method are in agreement with
other studies which also indicate the feasibility and effectiveness of our method.
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1 I N T RO D U C T I O N

In the research of epicentre mechanism, the source parameters of
epicentre mainly include the strike, dip, length, width, the size and
direction of slip of the fault. The source parameters of epicentre
can be determined by seismic waves recorded from multiple seis-
mic stations (e.g. Ji et al., 2002, 2003; Ammon et al. 2005) and
the deformation data of geodetic observations (e.g. Kasahara 1957;
Savage & Hastie 1969). Although the source parameters of epi-
centre can be determined by processing and analysing the seismic
wave data, it fails in reflecting the real energy released during the
earthquakes with large seismic intensity (Ammon et al. 2005).

In recent years, the development of geodetic technology can com-
pensate for the insufficiency of seismic wave observations. More-
over, geodetic technology can obtain the changes of the position of
the Earth’s surface before and after the earthquake more accurately.
Geodetic data (e.g. InSAR and GPS data) are widely used in the
field of seismic research (e.g. earthquake stress triggering, source

parameters of epicentre inversion, coseismic slip distribution in-
version) due to its wide coverage, simple observation conditions
and high precision (e.g. Funning et al. 2005; Liu et al. 2009; De-
louis et al. 2010; Kobayashi et al. 2011; Pollitz et al. 2011; Tajima
et al. 2013; Chen et al. 2014; Jiang et al. 2014; Diao et al. 2016;
Wan et al. 2017; Xu et al. 2018; Zhao et al. 2018b). The research
of coseismic slip distribution inversion can obtain parameters of
epicentre effectively (e.g. magnitude, slip, slip angle, etc.), which
play a major role in the analysis of post-earthquake deformation
mechanisms and future earthquake risk assessment.

In coseismic slip distribution inversion, the relationship between
surface deformation displacement and slip distribution parameters
is linear. The common method of inverting slip parameters is the
least-squares method with the smoothness constraint. The Linear
relationship of slip distribution parameters and surface deformation
depends on construction of Green function matrix. The elements
of the Green’s function matrix are consisting of the surface defor-
mation displacements caused by the unit strike-slips and dip-slips
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of each slip patches on the fault plane. In order to avoid ill-posed
problems in the inversion process and to limit the varying range of
gradient, some regularization methods such as Tikhonov regulariza-
tion and von Karman regularization emerged (e.g. Tikhonov 1963;
Tikhonov & Rudnicki 1977). In this paper, we utilize the Tikhonov
regularization on account of the efficiency of computation compar-
ing with von Karman Regularization (Amey et al. 2018). In the
process of calculating with the Tikhonov regularization method, the
determination of regularization parameters and regularization ma-
trix is the key point. For the research of regularization matrix in
coseismic slip distribution inversion, the regularization matrix con-
structed by classic Laplacian second-order smoothness matrix (ab-
breviation: LSC) is widely used (e.g. Desbrun et al. 1999; Jónsson
et al. 2002; Maerten et al. 2005). However, the inversion results of
classic Laplacian smoothness constraint would underestimate the
maximum slip (e.g. Jiang et al. 2013; Fan et al. 2017). Fan et al
(2017) proposed an adaptive Laplacian smoothness constraint (ab-
breviation: ASC) method to deal with the inadaptability locating at
the edge of patch on the fault. However, their method was compli-
cated. Due to the above-mentioned problems, a method of weight-
ing to Laplacian second-order smoothness matrices (abbreviation:
WLSC) by slip is proposed in this paper.

Various approaches have been proposed for determining the reg-
ularization parameters, such as the ridge method (Arthur and Robert
1970; Wang 2003), the generalized cross-verification method (ab-
breviation: GCV; e.g. Allen 1974; Golub et al. 1979; Stone 1974),
the L-curve method (e.g. Hansen 1992; Hansen & O’Leary 1993),
the Helmert variance component estimation method (e.g. Helmert
1872; Grafarend 1985; Xu et al., 2009, 2010), the U-curve method
(e.g. Krawczyk-Stańdo & Rudnicki 2007; Chamorroservent et al.
2011; Arnrich et al. 2014; Zhong et al. 2014; Wang et al. 2018b)
and the adaptive Tikhonov regularization with multiple regulariza-
tion parameters (Wang et al. 2016). Although the GCV method can
obtain a theoretically rigorous solution for the regularization param-
eters, it somewhat provides a flat curve that is difficult to locate the
optimal regularization parameter (Wang, 2003). Although the ridge
method has a low computing complexity, the major deficiency is that
the regularization parameter obtained by this method is subjective.
For the variance component estimation method, it treats the regular-
ization parameter as the weight of the virtual observation data. The
inversion results of this method may give rise to the negative vari-
ance (Amiri-Simkooei, 2016; Wang et al. 2018b). The calculation
process of the adaptive regularization method is more complex than
those of other methods (Wang et al. 2016). At present, the L-curve
method is the most common method to determine regularization pa-
rameter in coseismic slip distribution inversion. The disadvantages
of L-curve method are in two-fold: (1) An overreliance on the data
fitting, and the solution process may not be convergent (Xu 1998);
(2) Unable to read the size of the regularization parameter directly
from the L-curve according to the horizontal and vertical axis. In
response to the above situation, the regularization parameters of
this paper would be obtained by the U-curve method (Wang et al.
2018b).

The reminder of this paper is organized as follows: In Section 2,
the basic principles of the LSC, WLSC and the U-curve method for
determining regularization parameters are introduced. In Section 3,
a systematic simulation experiments were designed, including the
inversion experiments of the coseismic slip distribution with dif-
ferent fault depths and multislipping zones, and comparison ex-
periments. In Section 4, the WLSC were applied to the inversion
of coseismic slip distributions on 2009 April 6 in L’Aquila earth-
quake and on 2016 February 6 in Taiwan’s Meinong earthquake.

In Section 5, we set a simple experiment to compare the method of
the paper with Bayesian method (Bagnardi & Hooper, 2018) and
summarize the full text.

2 B A S I C P R I N C I P L E O F L A P L A C I A N
S M O O T H N E S S C O N S T R A I N T W I T H
U N E Q UA L W E I G H T S

2.1 Classic Laplacian smoothness constraint

In the coseismic slip distribution inversion, the relationship between
the coseismic displacements of surface and the slip parameters of
fault plane is linear, which can be expressed as

d = Gm + ε, (1)

where d represents surface deformation data, ε is the observation
error of surface deformation data, m is coseismic sliding parameter
and G is the corresponding Green’s matrix (Yagi & Fukahata 2011),
which can be expressed as

G =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

ss1
1 ds1

1 ss2
1 ds2

1 ... ssn
1 dsn

1

ss1
2 ds1

2 ss2
2 ds2

2 ... ssn
2 dsn

2

... ... ... ... ... ... ...

ss1
k ds1

k ss2
k ds2

k ... ssn
k dsn

k

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (2)

The fault plane is usually subdivided into n rectangular patches
in coseismic slip distribution inversion. According to the theory of
dislocations (Okada, 1985, 1992; Sun et al. 1996), the deformation
of the k observation points on the surface caused by the unit strike-
slip and the dip-slip of each fault patch is calculated. Moreover, the
Green function matrix G of k × 2n is constructed as shown in for-
mula (2). If the slip distribution solution is directly calculated by the
least-squares method, the instability of the slip distribution solution
will occur because the Green matrix is seriously ill-posed. To solve
the above problem, LSCs are often used to impose on dislocations
among each patches of fault plane. The Laplace operator of fault
plane is shown in Fig. 1. Taking the fault patch S0 as an example,
the second-order Laplace operator can be expressed as follows:

∇2 S = S1 − 2S0 + S3

d2
1

+ S2 − 2S0 + S4

d2
2

, (3)

where Si (i = 1, 2, 3, 4) represents the slip size of the patches around
the fault patch S0. d1,d2 are the distance between adjacent fault
patches along the directions of tendency and strike, respectively.
∇2 S is defined as a smoothness index. We construct the constraint
equations by assigning ∇2 S = 0 to all patches on the fault plane.
Therefore, a new coseismic slip distribution inversion equation is
obtained by combining with formula (1).

[
d
0

]
=

[
G

αH

]
m, (4)

where the 0 matrix denotes a virtual observation matrix, H and
α represent the Laplacian smoothness matrix and regularization
parameter, respectively.
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Coseismic slip distribution inversion 147

Figure 1. Partial Laplacian operator schematic of fault rupture.

2.2 Laplacian smoothness constraint with unequal weights

For convenience, we assume that d1 = d2 = d , the formula (3) can
be expressed as follows (Fan et al. 2017)

S1 + S2 + S3 + S4 − 4S0

d2
= 0. (5)

After further simplification, the fomula (5) can be rewritten as

S0 = S1 + S2 + S3 + S4

4
. (6)

As discussed before, the classic Laplacian constraint underesti-
mates the maximum slip, thus, this paper proposes a method by
weighting to classic Laplacian second-order smoothness matrix.
The main idea is to invert the large slip distances of middle fault
patches via increasing the weights of slip among the surrounding
patches. If we assume that S0 is the maximum slip patch (see Fig. 1),
the maximum slip can be tuned proportionally by reweighting the
surrounding patches Si (i = 1, 2, 3, 4).

Based on the above theory, the paper proposes a new weight-
ing method by using the values of slip, and the specific weighting
process is as follows:

(1) The initial slip distribution solution is obtained by using the
LSC for slip distribution inversion.

m = (GT G + α2 R)−1 GT d, (7)

whereR = HT H is the regularization matrix. The elements ofmare
composed of the strike-slip and dip-slip of each patches on the fault

plane, which can be expressed as m =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

m11

m12

...

...
mn1

mn2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

. n indicates the total

number of slip patches on the fault plane. m11, m21 · · · mn1 are the
amount of strike-slip of each patch, m12, m22 · · · mn2 are the amount
of dip-slip of each patch.

(2) Calculate the amount of slip of each patch on the fault plane.

mi z = (
m2

i1 + m2
i2

)1/2 (i = 1, 2 · · · n) (8)

miz is the sum-slip of the i th fault patches, let mz =

⎡
⎢⎣

m1z

...
mnz

⎤
⎥⎦,mz

represents the column vector constructed by the sum-slip elements
of each fault patches.

(3) Calculate the maximum sum-slip of the fault patches on the
fault plane mmax.

mmax = max (mz) (9)

(4) Take mmax as the unit weight and weigh each slip patch of the
fault plane.

pi = mmax

miz
, (10)

where pi represents the weights of the i th patch on the fault plane.
(5) Weight to classic Laplacian second-order smoothness matrix.

The elements of the classic Laplacian second-order smoothness
matrix are consisting of the surface deformation displacements
caused by the unit strike-slips and dip-slips of each fault patch
on the fault plane. In this paper, it is assumed that elements of
the same slip patch in Laplacian second-order smoothness matrix
have identical weights. The weight value is also equal to the corre-
sponding weight of the slip patch. The weight matrix of Laplacian
second-order smoothness matrix can be expressed as follows:

p =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

p1 0 0 0 0 0
0 p1 0 0 0 0

0 0
. . . 0 0 0

0 0 0
. . . 0 0

0 0 0 0 pn 0
0 0 0 0 0 pn

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (11)

Through the above method, we can determine the weights of
the fault patches which are in inverse proportion to the slip. Con-
sequently, the neighbours’ weights surrounding the maximum slip
path are larger than it. Thus, the problem of underestimating the
maximum slip by the classic Laplacian constraint could be im-
proved according to the formula (6).

After the Laplacian second-order smooth matrix has weighted, the
solution of coseismic slip distribution with WLSC can be expressed
as follows:

m = (GT G + α2 HT P H)−1 GT d, (12)

where P denotes a matrix of weights corresponding to elements
in the Laplacian second-order smoothness matrix. Since the size
of the inversion model roughness has changed, the corresponding
regularization parameter α needs to be recalculated. In this paper,
regularization parameters α are calculated by the U-curve method.

2.3 U-curve method

U-curve method is similar to L-curve method in determining the
regularization parameter. By plotting the U (α) − α curve according
to the formula (13), the U-curve method obtains a set of U (α)
values based on different αvalues. Make U (α) as the ordinate and
α as the abscissa, and fitting of them can get a U (α) − αcurve.
We can determine the regularization parameter by finding a local
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148 L. Wang et al.

Figure 2. The flow chart of coseismic slip distribution inversion of Laplacian smoothing constraint with unequal weights.

Figure 3. The simulated observation data of GPS in simulation experiment 1.

Table 1. The three schemes of simulated experiment 1.

Schemes Methods

Scheme 1 The U-curve method is used to determine the regularization parameters and the slip distribution inversion is performed with classic
Laplacian smoothing constraints.

Scheme 2 The U-curve method is used twice to determine the regularization parameters, and the slip distribution inversion is performed by using
Laplacian smooth constraints with unequal weights.

Scheme 3 The U-curve method is used once to determine the regularization parameters, and the slip distribution inversion is performed using
Laplacian smooth constraints with unequal weights.

maximum in it. To be specific, the local maximum is close to the
left vertical part of the U-curve (e.g. Krawczyk-Stańdo & Rudnicki
2007; Chamorroservent et al. 2011; Arnrich et al. 2014; Zhong et al.
2014; Wang et al. 2018b). The U-curve function can be defined as
follows.

U (α) = 1

‖Gm − d‖2
+ 1

‖Hm‖2
. (13)

In formula (13), ‖Gm − d‖2 =
r∑

i=1

α4β4
i θ2

i

(σ 2
i +α2β2

i )
2 and ‖Hm‖2 =

r∑
i=1

σ 2
i β2

i θ2
i

(σ 2
i +α2β2

i )
2 (e.g. Wang et al. 2018b), where θ = vT d. v is the

left-hand side singular value matrix after the singular value de-
composition of the Green matrix G. σ1 ≥ σ2 · · · ≥ σr > 0 are the
singular values of the Green matrix G and β1 ≥ β2 · · · ≥ βr > 0
are the singular values of the Laplacian matrix. It can be seen from
the definition of U-curve method that the regularization parameter
determined by the U-curve method does not need curve fitting and
extra calculations. Therefore, the U-curve method is better than the
L-curve method in some aspects (Wang et al. 2018b).
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Coseismic slip distribution inversion 149

Figure 4. The slip distribution inversion results with the 0 km fault top depth in different schemes. (a1–b1) The regularization parameters determined by the
U-curve method of the fault depth is 0 km. (c1–d1) The slip distribution inversion results and residual distribution of the 0 km’s fault top depth by scheme
1. (e1– f1) The slip distribution inversion results and residual distribution of the 0 km’s fault top depth by scheme 2. (g1–h1) The slip distribution inversion
results and residual distribution of the 0 km’s fault top depth by scheme 3.

In summary, the inversion process of coseismic slip distribution
of WLSC is shown in Fig. 2.

In the seismic slip distribution inversion of earthquakes, the root
mean square errors (abbreviation: RMS) between the observed val-
ues and the inverse values of dislocation model are often used as
one of the metrics for the evaluation. It can be expressed as follows:

RM S =

√√√√√
n∑

i=1
Pi (d i − ci )

2

n
. (14)

n represents the number of observations; d and c represent the
magnitude of the surface observations and model inversion values;
P represents the weighting matrix of the observations.

In order to evaluate that the performance of the proposed WLSC
method, we conduct experiments both on the system’s simulation
data and actual seismic data (e.g. the 2009 April 6 L’Aquila Mw 6.3
and the 2016 February 6 Meinong and Taiwan Mw 6.4).

3 S I M U L AT I O N E A RT H Q UA K E
E X P E R I M E N T S

In order to evaluate the performance of our method, we simulated
experiments in the following three aspects: (1) Simulating coseis-
mic slip distribution inversion with different fault top depths: 0 km,
−2 km, −15 km. (2) Simulating coseismic slip distribution inver-
sion experiment in a dual-slipping area. (3) Comparing experiment
with ASC inversion method (Fan et al. 2017). The advantages and
insufficiency of the WLSC and the ASC inversion of the coseismic
slip distribution were compared.

3.1 Simulated seismic experiment 1

In simulation experiment 1, the simulated fault plane geometry pa-
rameters are set as follows: the geometry centre of fault plane is X =
0 km, Y = 0 km. The top depths of fault are 0 km, −2 km, −15 km.
The length and width of fault plane are both 50 km. The angle of
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150 L. Wang et al.

Figure 5. The slip distribution inversion results with the −2 km fault top depth in different schemes. (a2–b2) The regularization parameters determined by the
U-curve method of the fault depth is −2 km. (c2–d2) The slip distribution inversion results and residual distribution of the −2 km’s fault top depth by scheme
1. (e2–f2) The slip distribution inversion results and residual distribution of the −2 km’s fault top depth by scheme 2. (g2–h2) The slip distribution inversion
results and residual distribution of the −2 km’s fault top depth by scheme 3.

strike and dip of the fault plane are 135◦ and 40◦, respectively. The
slip angle of the fault plane is 60◦. The simulated GPS three di-
rections observation data are shown in Fig. 3. The 625 observation
points are simulated, and each point is evenly distributed within
25 km of the epicentre. Simultaneously, the N(0, 32mm2) observa-
tion error are imposed to the GPS points (Yagi Y & Fukahata Y,
2008). In simulation experiment 1, three schemes of Table 1 were
used to perform the slip distribution inversion.

As discussed in Section 2, the proposed WLSC method will de-
termine the regularization parameters twice by the U-curve method.
In order to validate the independence between the inversion results
and the size of regularization parameters, we add a comparison as
scheme 3 in which the U-curve method is merely utilized once. The
inversion of coseismic slip distributions was performed by using
the three schemes, in which the slip distribution inversion results by
three schemes in different fault top depths (0 km, −2 km, −15 km)

and the regularization parameters which were determined by U-
curve method are shown in Figs 4–6.

The detailed parameters of the slip distribution inversion by three
schemes in different fault top depths (0 km, −2 km and −15 km) of
simulation experiment 1 are listed in Table 2.

In simulation experiment 1, scheme 3 is to investigate the rela-
tionship between the maximum slip inversion result of WLSC and
the varying matrix size of regularization parameters. It can be seen
from Table 2 that the regularization parameters of scheme 3 is con-
sistent with scheme 1, and the maximum slip inversion result of
scheme 3 is significantly improved. Therefore, it can prove that the
redetermination of regularization parameters (i.e. estimating twice
by the U-curve method) does not impose the inversion result. Since
the scheme 3 of this paper is unreasonable in theory, we only consid-
ered the schemes 1 and 2 in the later data analysis and experiments
2 and 3.
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Figure 6. The slip distribution inversion results with the −15 km fault top depth in different schemes. (a3–b3) The regularization parameters determined by
the U-curve method of the fault depth is −15 km. (c3–d3) The slip distribution inversion results and residual distribution of the −15 km’s fault top depth by
scheme 1. (e3–f3) The slip distribution inversion results and residual distribution of the −15 km’s fault top depth by scheme 2. (g3 – h3) The slip distribution
inversion results and residual distribution of the −15 km’s fault top depth by scheme 3.

Table 2. The coseismic slip distribution inversion results of simulated experiment 1.

Values
Top

depth/(km) Schemes
Regularization

parameters
Max

slip/(m) Mean slip/(m)
Slip angle at
max slip (◦)

Moment
magnitude/(Mw)

Seismic
moment

/(1019N·m) RMS /(m)

Analogue
values

// // // 1.400 0.1477 60 6.6631 1.1081 //

0 Scheme 1 0.098 1.2311 0.1765 60.4410 6.7146 1.3240 0.0029
0 Scheme 2 0.098/0.030 1.3984 0.1608 59.8460 6.6876 1.2060 0.0029
0 Scheme 3 0.098/0.098 1.3672 0.1565 60.7080 6.6797 1.1736 0.0029

−2 Scheme 1 0.097 1.1613 0.1781 61.7469 6.7172 1.3359 0.0029
Inversion
values

−2 Scheme 2 0.097/0.029 1.3696 0.1648 62.0174 6.6946 1.2357 0.0029

−2 Scheme 3 0.097/0.097 1.3197 0.1576 62.3773 6.6818 1.1822 0.0029
−15 Scheme 1 0.077 0.8613 0.2177 60.7347 6.7752 1.6325 0.0030
−15 Scheme 2 0.077/0.022 1.1318 0.2108 60.1477 6.7659 1.5807 0.0030
−15 Scheme 3 0.077/0.077 0.9630 0.1738 60.1762 6.7100 1.3034 0.0030
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Table 3. Comparison of the parameters of inversion results by schemes 1 and 2 with the analogue value of simulated
experiment 1.

Top
depth/(km) schemes Max slip/(m) Mean slip/(m)

Moment
magnitude/(Mw)

0 Scheme 1 0.1689 0.0288 0.0515
0 Scheme 2 0.0016 0.0131 0.0245
0 Improved∗ 11.95 per cent 10.63 per cent 0. 41 per cent
−2 Scheme 1 0.2387 0.0304 0.0541
−2 Scheme 2 0.0304 0.0171 0.0315
−2 Improved∗ 14.88 per cent 9.00 per cent 0.34 per cent
−15 Scheme 1 0.5387 0.07 0.1121
−15 Scheme 2 0.2682 0.0631 0.0469
−15 Improved∗ 19.32 per cent 4.67 per cent 9.79 per cent

Note: Improved∗ =| D1−D2
D | , D1 represents the D-values between the parameter values of inversion and the analogue

values of scheme 1, D2 represents the D-values between the parameter values of inversion and the analogue values of
scheme 2, D represents the analogue value.

Figure 7. The simulated observation data of GPS three-direction in simulation experiment 2.

Table 4. The coseismic slip distribution inversion results of simulated experiment 2.

Schemes
Regularization
parameters/(α) Max slip/(m) Mean slip/(m)

Moment
magnitude /(Mw)

Seismic
moment/(1017N·m) RMS/(mm)

Analogue
values

// 1 0.06 5.8716 7.2 //

Scheme 1 0.069 0.3676 0.0830 5.9657 9.9658 0.511
Scheme 2 0.069/0.021 0.5037 0.0755 5.9381 9.0609 0.376

Table 5. Comparison of the parameters of inversion results by schemes 1 and 2 with the analogue value of simulated
experiment 2.

Schemes Max slip/(m) Mean slip/(m)
Moment magnitude

/(Mw)

Scheme1 0.6324 0.023 0.0941
Scheme2 0.4963 0.0075 0.0665
Improved∗ 13.61 per cent 12.5 per cent 2.74 per cent

Note: Improved∗ =| D1−D2
D |, D1 represents the D-values between the parameter values of inversion and the analogue

values of scheme 1, D2 represents the D-values between the parameter values of inversion and the analogue values of
scheme 2, D represents the analogue value.

The D-values (i.e. the difference between the inversion values
and the analogue values) between the parameters inversion results
of slip distribution by schemes 1 and 2 with analogue values, and
the improvement of the scheme 2 are shown in Table 3.

In Tables 2 and 3, it can be easily seen that with the gradual
deepening of the fault depth, the accuracy of the coseismic slip dis-
tribution of the two schemes is gradually reduced. For the maximum

slip at 1.4 m, the D-values from the inversion results of LSC is about
0.15–0.3 m. It is worthy to be noted that the D-value reaches a max-
imum at 0.5 m with the increasing depth value. This suggests that
the classic LSC method cannot obtain a reliable inversion result.
However, the D-values from the proposed WLSC method is in the
range of 0.002–0.03 m, with a maximum difference of 0.1 m. More-
over, the maximum slip inversion results of WLSC has improved
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Figure 8. The slip distribution inversion results of simulation experiment 2. (a) The distribution of analogue slip value. (b,c) The regularization parameters
are determined by the U-curve method of simulation experiment 2. (d,e) The slip distribution inversion results and recoverability distribution by the scheme 1.
(f,g) The slip distribution inversion results and recoverability distribution by the scheme 2.

Table 6. The three schemes of simulated experiment 3.

Schemes Methods

Scheme 4 The variance component estimation method is used to determine the regularization parameters, and the slip distribution inversion is
performed with adaptive Laplacian smoothing constraints.

Scheme 5 The variance component estimation method is used twice to determine the regularization parameters, and the slip distribution inversion
is performed with adaptive Laplacian smoothing constraints.

Scheme 2 The U-curve method is used twice to determine the regularization parameters, and the slip distribution inversion is performed by using
Laplacian smooth constraints with unequal weights.

Table 7. The coseismic slip distribution inversion results of simulated experiment 3.

Schemes
Regularization
parameters/(α) Max slip/(m) Mean slip/(m)

Moment
magnitude /(Mw)

Seismic
moment/(1017N·m) RMS/(mm)

Analogue values // 10 3.7805 7.1885 6.68049 //
Scheme 4 // ≈ 9.6 // // // //
Scheme 5 0.041/0.102 10.20 3.7810 7.1886 6.8058 2.6
Scheme 2 0.028/0.004 9.9789 3.7806 7.1886 6.8050 2.5

Table 8. Comparison of the parameters of inversion results by schemes 5 and 2 with the analogue value of simulated
experiment 3.

Schemes Max slip/(m) Mean slip/(m) RMS/(Mw)

Scheme 5 0.20 0.0005 2.6
Scheme 2 0.0211 0.0001 2.5
Improved∗ 17.89 per cent 0.01 per cent 4 per cent

Note: Improved∗ =| D5−D2
D | , D5 represents the D-values between the parameter values of inversion and the analogue

values of scheme 5, D2represents the D-values between the parameter values of inversion and the analogue values of
scheme 2, D represents the analogue value.

the range from 11 to 19 per cent than the inversion results of LSC.
In addition, from the colour bar of the recoverability distribution
maps of Figs 4–6 (d1), (d2) and (d3), (f1), (f2), (f3), it can be seen
that the residual distribution of the inversion slip error of scheme
2 is smaller than that of scheme 1. Therefore, it is further shown

that the inversion results of the scheme 2 is more accurate. For the
slip angle at the maximum slip, the inversion results are close to the
analogue values, we will not further analyse the slip angle in this
paper.
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Figure 9. The InSAR data of L’Aquila earthquake. (a) The ascending data of L’Aquila earthquake. (b) The descending data of L’Aquila earthquake.

Figure 10. The slip distribution inversion results of L’Aquila earthquake. (a,b) The regularization parameters are determined by the U-curve method of L’Aquila
earthquake. (c,d) The slip distribution inversion results of L’Aquila earthquake by schemes 1, 2.

3.2 Simulated seismic experiment 2

In experiment 2, we simulate a fault with multimain sliding area
for the coseismic slip inversion to further demonstrate the effec-
tiveness of our method. Taking a double main sliding area as
an instance, the geometry of fault is in the following: The ge-
ometry centre of fault plane is X = 0 km, Y = 0 km. The top
depth of fault is 0 km. The length and width of fault plane are

both 20 km. The angle of strike and dip of the fault plane are
50◦ and 45◦, respectively. The slip angle of fault plane is 45◦.
The simulated GPS three directions observation data are shown in
Fig. 7. The 400 observation points are simulated, and all points
are uniformly distributed within 10 km of the epicentre. Moreover,
we add a Gaussian noise at N(0, 32mm2) to the simulated GPS
observations.
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Table 9. The various source parameters for L’Aquila earthquake.

Seismic parameters Scheme 1 Scheme 2
Wang et al.

(2017a)
Wen et al.

(2012)
Walters et al.

(2009)
Anzidei et al.

(2009)
Cheloni et al.

(2010) USGS

Max slip/m 0.99 1.15 0.95 1.07 0.66 0.49 1.1 //
Mean slip angle/(◦) −93.2 −93.5 −96.4 −102.8 −105 −98 −98.5 //
Moment magnitude
/(Mw)

6.34 6.36 6.34 6.32 6.23 6.32 6.36 6.29

Seismic
moment//(1018 Nm)

3.62 3.9 3.63 3.43 2.8 3.2 3.9 3.4

Figure 11. The GPS observation data of Meinong earthquake.

The inversion of the coseismic slip distribution is carried out by
using the schemes 1, 2 in the simulation experiment 1. The analogue
value of slip is shown in Fig. 8(a). The regularization parameters
were determined by the U-curve method are shown in Fig. 8(b,c).
The results of slip distribution inversion of two schemes are shown
in Figs 8(d)–(f).

The parameters inversion results of slip distribution of two
schemes are shown in Table 4. The D-values between the parame-
ters inversion results of two schemes with the analogue values, and
the improvement of scheme 2 compared to the scheme 1 are shown
in Table 5.

The statistics of the result in Tables 4 and 5 indicate that for
the faults with complex multisliding area, the parameters inversion
accuracy of WLSC still has more improvement than that of LSC. The
maximum slip, average slip and moment magnitude has increased
by 13.61, 12.5 and 2.74 per cent, respectively. Moreover, from the
inversion results of root mean square error in Table 4, it can be
concluded that the inversion result accuracy of WLSC is higher
than LSC. In addition, from Figs 8 (a), (d), (e), (f), (g), it can be
seen that the result of slip distribution inversion of scheme 2 is
closer to the analogue value than the scheme 1 (Fig. 8a), it is further
shown that the results of coseismic slip distribution inversion result
of WLSC are more accurate.

3.3 Simulated seismic experiment 3

Fan et al (2017) proposed an adaptive smoothness constraint
method. Since the calculation process of ASC method is com-
plicated, we conduct the comparing experiments by their data
other than the experiments 1 and 2. Specifically, the fault pa-
rameters were set according to Fan et al (2017) simulation ex-
periment 1 as follows: the geometry centre of fault plane is X
= 0 km, Y = 0 km. The top depth of fault is 0 km . The length
and width of the fault plane are 20, 30 km. The angle of strike
and dip of the fault plane are 90◦ and 45◦, respectively. In sim-
ulation experiment 3, three schemes of Table 6 were used to
perform the slip distribution inversion [Scheme 4 is from Fan
et al (2017) and the calculation results are from fig. 12 in Fan
et al (2017)].

The results of coseismic slip distribution inversion of schemes
4–6 are shown in Table 7. In schemes 4 and 5, the sizes of
regularization parameters are α1 = 0.041 and α2 = 0.102, which
were determined by variance component estimation method.
In scheme 2, the sizes of regularization parameters are α1 =
0.028 and α2 = 0.004, which were determined by U-curve
method.

It can be seen from the data of Schemes 4 and 5 in Table 7 that
the D-values between the maximum slip inversion result of WLSC
and the analogue value is 0.20 m. However, the D-values between
the inversion result of ASC and the analogue value is about 0.40 m,
which indicates that the maximum slip inversion result of WLSC
is better than the ASC.From table 8, compare with the parameters
derived by the variance component estimation, the U-curve method
improves the maximum slip and RMS of regularization parameter
by 17.89 and 4 per cent.

4 T H E I N V E R S I O N O F A C T UA L
E A RT H Q UA K E

4.1 Slip distribution inversion of the L’Aquila earthquake

An Mw 6.3 earthquake occurred in L’Aquila, central Italy, on 2009
April 6. This earthquake caused heavy casualties and property losses
(Walters et al. 2009; Wang et al. 2018a). The 1254 points of InSAR
ascending data and 1282 points of InSAR descending data from Wen
et al (2012) are used to perform the slip distribution inversion of
L’Aquila earthquake (see Fig. 9). In the L’Aquila earthquake inver-
sion, we utilize the fault parameters (the strike angle, dip angle, the
top depth etc.) from Wang et al (2018b). Accordingly, the coseismic
slip distribution inversion is derived from schemes 1, 2 in the simu-
lation experiments 1. The regularization parameters were obtained
by the U-curve method, and the slip distribution inversion results by
schemes 1, 2 of L’Aquila earthquake are shown in Fig. 10. The slip
distribution inversion results of L’Aquila earthquake by schemes 1,
2 are shown in Table 9.
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Figure 12. The slip distribution inversion results of Meinong earthquake. (a,b) The regularization parameters are determined by the U-curve method of
Meinong earthquake. (c,d) The slip distribution inversion results of Meinong earthquake by schemes 1, 2.

Table 10. The various source parameters for Meinong earthquake.

Seismic parameters Scheme 1 Scheme 2
Wang et al.

(2017b)
Uniform
sliding GCMT USGC

Huang et al.
(2016) Lee et al. (2016)

Max slip/m 0.505 0.512 0.517/0.553 // // // // //
Mean slip angle/(◦) 49.5 44.7 51.5 −51.5 21 38 45 //
Moment magnitude
/(Mw)

6.36 6.40 6.38 6.33 6.40 6.40 6.39 6.52

Table 11. The priors information for the simulated experiment 4 by Bayesian method.

Rectangular dislocation with uniform slip (Okada, 1985)

Fault Length (m) Width (m) Z-centre (m) Dip (◦) Strike (◦) X-centre (m) Y-centre (m)
Strike-slip

(m) Dip-slip (m)

Start 10 000 10 000 3535 45 90 8465 0 5 8.66
Step 100 100 100 1 1 100 100 0.1 0.1
Lower bound 5000 5000 0 0 0 −20 000 −20 000 −15 −15
Upper band 20 000 20 000 20 000 90 360 20 000 20 000 15 15
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Table 12. The inversion results for the simulated experiment 4 by Bayesian method.

Parameter Analogue value Optimal Mean Median 2.5 per cent 97.5 per cent

FAUL length (m) 10 000 10 710.63 10 720.91 10 712.98 10 624.60 10 798.43
FAUL width (m) 10 000 12 205.84 12 216.16 12 205.69 12 204.67 12 207.77
FAUL depth (m) 3535 9153.64 9187.05 9158.99 9153.94 9167.32
FAUL dip (◦) 45 48.59 48.70 48.63 48.58 48.68
FAUL strike (◦) 90 93.20 93.31 93.15 92.99 93.30
FAUL X (m) 8465 9636.59 9637.75 9640.60 9606.34 9674.20
FAUL Y (m) 0 −3095.50 −3082.33 −3086.08 −3107.41 −3063.78
FAUL strike-slip (m) 5 4.56 4.56 4.56 4.54 4.59
FAUL dip-slip (m) 8.66 4.52 4.51 4.52 4.49 4.55

Table 13. The coseismic slip distribution inversion results of schemes 1, 2 and Bayesian method of simulated experiment
4.

Parameters
Total slip

(intermediate)
Strike-slip

(intermediate) Dip-slip (intermediate)

Analogue value 10 5 8.66
Scheme 1 9.94 4.95 8.60
Scheme 2 10.02 5.04 8.661
Bayesian method 6.42 4.56 4.52

Figure 13. The convergence of each parameters of Bayesian method.
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Figure 14. The probability distribution of each parameters.

In Figs 10(c),(d), the inversion results are carried out by schemes
1, 2 showing that the slip distribution area of the L’Aquila earth-
quake does not contain obvious slip near the surface. It is mainly
distributed within 4–15 km underground. It can be seen from Ta-
ble 9 that the inversion results of the L’Aquila earthquake by two
schemes are within a reasonable interval of other studies (Wen et al.
2012; Wang et al. 2017a). For the maximum slip, the inversion
results of schemes 1, 2 are 0.99 and 1.15 m, respectively, and the
inversion result of scheme 2 is larger than that of scheme 1, which is
consistent with the conclusion of the simulation experiments. Wen
et al (2012) combined the multiple geodetic data (the DInSAR data
from Envisat and ALOS and the regional GPS data) with the elas-
tic triangular dislocation model to invert a maximum slip at 1.07 m.
The inversion results of Wen et al (2012) was slightly different from
this paper, which may be related to the data sources for the surface
constraint. The maximum slip obtained by least-squares and total
least-squares methods of Wang et al (2017a) was 0.95 m, which is
less than the results of this paper. The mean slip angle inversion
results of schemes 1, 2 are −93.2◦ and −93.5◦, respectively, which
are slightly less than the inversion results by other studies. For
the moment magnitude, the inversion results obtained by schemes
1, 2 are Mw 6.34, Mw 6.36, which are close to those reported by

other scholars. In addition, the slip inversion results of Walters et
al (2009) was 0.66 m, and the corresponding seismic moment was
2.80 × 1018 Nm, which were obtained by ASAR data. Cheloni et
al (2010) used GPS data from an observation station near the L
‘Aquila epicentre and studied the coseismic slip distribution of the
L ‘Aquila earthquake and its aftershocks, the results of which re-
vealed a maximum slip of 1.1 m and a seismic moment of 3.90 ×
1018 Nm.

4.2 Slip distribution inversion of the Meinong, Taiwan
earthquake

An Mw 6.4 earthquake occurred in the Meinong district of Kaoh-
siung City, Taiwan, China, on 2016 February 6 (Global Centroid
Moment Tensor, GCMT). The Meinong earthquake caused a large
number of houses to collapse and major casualties. The 225 points
of GPS data from Wang et al (2017b) are used to perform the
Meinong earthquake slip distribution inversion in this paper (see
Fig. 11). In the slip distribution inversion of Meinong earthquake,
the fault parameters were obtained by Wang et al. (2018b) (the
strike angle, dip angle, the top depth and so on). The non-negative
constrained least-squares method is used to avoid contradictions
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Figure 15. The slip distribution inversion results of scheme 1, scheme 2 and Bayesian method. (a) The distribution of analogue slip value. (b) The distribution
of slip value of Bayesian method. (c) The distribution of slip value of scheme 1. (d) The distribution of slip value of scheme 2. (e) The residual distribution by
the Bayesian method. (f) The residual distribution by the scheme 1. (g) The residual distribution by the scheme 2.

in the directions of a few sliding patches in this paper (Clerc &
Kennedy 2002; Feng et al. 2015; Feng & Li 2010). The coseismic
slip distribution inversion were carried out by using the schemes 1,
2 in the simulation experiments 1. The slip distribution inversion
results by schemes 1, 2 of Meinong earthquake, and the regulariza-
tion parameters determined by the U-curve method are shown in
Fig. 12. The Meinong earthquake slip distribution inversion results
of the schemes 1, 2 are shown in Table 10.

In Figs 12(c),(d), the inversion results are carried out by schemes
1, 2 showing that the slip distribution area of the Meinong earth-
quake is distributed within the range of 9–14 km underground and
does not extend to the surface, which are consistent with the no obvi-
ous surface rupture found in ground. In Table 10, for the maximum
slip, the inversion results of schemes 1, 2 are 0.505 and 0.512 m,
respectively, and the inversion result of scheme 2 is larger than that
of scheme 1, which is consistent with the conclusion of the simu-
lation experiments. Wang et al. (2017b) combined with InSAR and
GPS data to invert the Meinong earthquake, and the inversion re-
sults show that the maximum dip-slip and maximum strike-slip are
0.517 and 0.553 m, respectively, which are slightly larger than the
inversion results of the schemes 1, 2. The inversion results of mean
slip angle of the two schemes are 49.5◦ and 44.7◦, respectively. The
multifault models which were constructed in Huang et al. (2016)
are a good way to restore seismic wave and GPS data, but the InSAR
data does not fit well. Huang et al. (2016) determined the geometric
parameters of large faults by using GPS and seismic data firstly,
and used InSAR data residuals to fit the shallow small faults for
inversion. The mean slip angle of the inversion is 45◦, which is sim-
ilar to the inversion result by scheme 2 in this paper. The inversion
result of scheme 1 is between the results of Wang et al. (2017b) and
Huang et al. (2016). The inversion results of the moment magnitude
by two schemes are within the scope of other scholars. The moment
magnitude result of the inversion of Lee et al. (2016) was Mw 6.52.
The reason that the inversion result is larger than those of other
scholars may be related to the lack of fitting GPS data well (Wang
et al. 2017b).

5 D I S C U S S I O N A N D C O N C LU S I O N S

We present a new method, namely weighing to Laplace second-order
smoothness matrix by slip (WLSC), for the inversion of coseismic
slip distribution. We test our method on both system simulation
experiments and realistic earthquakes. The inversion results of the
simulation experiment 1 indicate that the fault depth will affect the
inversion accuracy significantly. Accordingly, with the fault depth
going deeper, the inversion accuracy is degraded. Simulation ex-
periment 1 also verifies that the inversion accuracy of the coseismic
slip distribution inversion via WLSC can improve the inversion
accuracy of the maximum slip which is not related to the redeter-
mination of the regularization parameter as well. In order to make
the simulation experiment more realistic, the simulation experiment
2 designed a coseismic slip distribution inversion experiment with
double main sliding areas. The inversion results show that the more
complex the fault sliding area, the lower the accuracy of parameters
of coseismic slip distribution inversion. It can be concluded from the
inversion results of simulation experiments 1, 2 that the proposed
WLSC method is better than the classic LSC in all cases (e.g. dif-
ferent fault sliding areas and fault depths). The inversion results of
simulation experiment 3 also show that the inversion accuracy of the
WLSC is better than ASC (Fan et al. 2017). In general, the WLSC
can improve the overall accuracy by 12–19 per cent comparing with
the LSC method.

The inversion results of simulation experiments 1, 2 and 3 show
that the inversion results of slip distribution with WLSC are higher
than the inversion of LSC in the maximum slip, average slip and
moment magnitude parameters, especially for the maximum slip
inversion accuracy. The simulation experiments inversion results
show that the inversion results of WLSC are improved by 12–19 per
cent compared with LSC. The reason is that using the method of
this paper to weigh the Laplacian second-order smoothness matrix
can ensure that the larger the slip of the fault patch is, the smaller
the corresponding weight is. For the maximum slip, the weight of
the surrounding sliding patches is larger than it. From formula (6),
it can be seen that the maximum slip inversion value can be theoret-
ically improved and can solve the problem of underestimating the
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maximum slip of LSC. For the mean slip and moment magnitude
parameters, the inversion results of WLSC are improved by 4–12.5
and 0.4–9 per cent compared with the LSC, respectively.

In addition, this paper performed the slip distribution inversion
for 2009 L’Aquila actual earthquake and 2016 Meinong earthquake
using WLSC and LSC methods. The inversion results show that the
maximum slip inversion results WLSC is larger than the inversion
result of LSC, which is consistent with the simulation experiments.
Besides, the parameters of inversion results such as mean slip and
moment magnitude are similar to other studies. Therefore, the inver-
sion results of L’Aquila and Taiwan’s Meinong earthquakes show
that it is feasible and effective to use the WLSC for coseismic slip
distribution inversion.

The inversion results of simulation experiments and the actual
earthquake show that the slip distribution inversion of WLSC can
improve the parameters accuracy of coseismic slip distribution in-
version, which provides a better understanding of the rupture pro-
cess of earthquake source. Since the slip distribution model is the
basis of coseismic Coulomb stress change calculation and fault
stress interaction analysis, the higher accuracy of parameters in-
version also facilitate the study of seismic strain accumulation,
post-earthquake sliding mode and earthquake disaster prediction
and rescue.

Moreover, the ill-posed problem in coseismic slip distribution
inversion can be solved by the Markov chain Monte Carlo method
(Simons et al. 2011). In experiment 4, we compared our method with
Monte Carlo method implementing in Geodetic Bayesian Inversion
Software (GBIS – Version 1.1) from Bagnardi & Hooper (2018).
The GBIS integrates Markov-chain Monte Carlo algorithm and the
Metropolis–Hastings algorithm (e.g. Hastings 1970; Mosegaard &
Tarantola 1995) to find out the posterior probability distribution
of the different source parameters. A detailed explanation of the
inversion approach is provided in Bagnardi & Hooper (2018). In
brief, the Bayesian method is a method of treating the fault plane
as a uniform surface, then the probability distribution of the fault
plane parameters (fault length, width, dip angle, strike angle) will
obtained (Bagnardi & Hooper 2018). Since the method considers
the fault plane as a uniform plane, it has the advantage of not
requiring the additional Laplacian smoothing constraints as well
as the regularization parameters determination. The specific fault
parameters in experiment 4 are set as follows: The length and width
of fault are 30 km, the dip angle is 45◦, the strike angle is 90◦. The
fault plane is divided into 3∗3 patches, and the most intermediate
sliding patch was given a sliding amount of 10 m, the sliding angle
is 60◦. The 400 surface observation points were simulated in the
range of X (−10−10 km) and Y (−10−10 km). Since the sliding
value only assigned to the intermediate sliding patch on the fault
plane, the length and width of the most intermediate sliding patch
are 10 km. The schemes1, schemes 2 and Bayesian method are used
to invert slip distribution. The prior information of parameters by
Bayesian method are set in Table 11, and the probability distribution
results of each parameters are shown in Table 12. The convergence
of each parameters of Bayesian method are shown in Fig. 13. The
probability distributions of each parameter are shown in Fig. 14.

It can be seen from Figs 13, 14 that each parameter reaches
convergences, and most of the parameters are subject to the normal
distribution. Thus, the calculation result is considered to be credible.
From Table 12, the optimal value of strike-slip of intermediate patch
calculated by Bayesian method is 4.56 m, and the optimum value
of dip-slip of intermediate patch calculated by Bayesian method is
4.52 m.

In addition, the coseismic slip distribution inversion results of
schemes 1, 2 and Bayesian method are shown in Fig. 15, and slip
parameters inversion results of above methods are shown in Table
13.

According to the result of experiment 4 (see Table 13 and Fig.
15), the WLSC method achieves highest accuracy in most sliding
patches. The slip value obtained by schemes1 and 2 are superior to
the Bayesian method.

This paper proposes a method for coseismic slip distribution in-
version, namely WLSC, to improve the classic LSC method through
a novel weighing strategy according to the slip. The experiments
from both simulating and actual earthquake data demonstrate the
effectiveness and performance of the proposed method comparing
with other methods. In future work, we intend to consider different
weighing methods of WLSC for various applications. In addition, a
combination of Bayesian method and WLSC is worthy to be inves-
tigated to obtain a more comprehensive parameter inversion results.
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